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A b stra c t
We determine the simple currents and fixed points of the orbifold the­
ory CFT ® CF T /Z 2, given the simple currents and fixed point of the orig­
inal C F T . We see in detail how this works for the S U (2)k WZW model, 
focusing on the field content (i.e. h-spectrum of the primary fields) of the 
theory. We also look at the fixed point resolution of the simple current ex­
tended orbifold theory and determine the S J matrices associated to each 
simple current for SU(2)2 and for the B (n )i and D (n )i series.
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1  I n t r o d u c t i o n
Conform al field theories [1] are well established tools in S tring Theory. Orbifold 
conformal field theories are stan d ard  way of deriving new conformal fields the­
ories out of existing ones. The pro to type exam ple is a of the form G /H  where, 
after m oding out the sym m etry  group H , one is left w ith H -invariant sta tes plus 
tw isted fields, necessary to  ensure m odular invariance. Orbifold C F T ’s appear 
all over the place in string  theory, for exam ple in G epner models [2, 3] where one
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builds the “in ternal” sector of string com pactifications out of tensor products 
of N  =  2 m inim al models w ith to ta l conformal anom aly c =  ^ i ci =  9.
In th is paper we will consider orbifolds by cyclic perm utations of tensor 
p roduct conformal field theories. We s ta r t w ith a given C FT, take the ten ­
sor product of A copies of it and m od out by the cyclic sym m etry  Z^, which 
generates the  full perm utation  group S^. The field content of such cyclic orb­
ifold theories was worked out already long ago by Klem m  and Schmidt [4] who 
were able to  read off the tw isted fields using m odular invariance. Later, Borisov, 
H alpen and Schweigert [5] in troduced an orbifold induction procedure, providing 
a system atic construction of cyclic orbifolds, including their tw isted sector, and 
determ ining orbifold characters and, in the A =  2 case, their m odular transfor­
m ation properties. G eneralizations to  a rb itra ry  perm utation  groups were done 
by B antay  [6, 7].
Extensions w ith integer spin simple currents [8, 9] are essential tools in con­
formal field theories (see [11] for a review). In string  theory, they  appear when 
it is needed to  make projections (e.g. GSO projection) or im plem ent constrain ts 
(such as world-sheet supersym m etry  constraints, or the so-called ^-constrain ts 
in Gepner models, which impose world-sheet and space-tim e supersym m etry). 
Simple current extensions are also used to  im plem ent field identification in coset 
models. In extensions, some fields of the original theory  are pro jected  out while 
the rem aining ones organize themselves into orb its of the current. F ixed points 
are very particu lar orbits, those w ith length one; more generally if a simple 
current discrete group has an order th a t is not prime, there can be orbits whose 
length is a divisor of the order, due to  fixed points of powers of the  generator 
of the group. In presence of fixed points, extensions are much m ore compli­
cated  to  handle, since each of them  give rise to  a num ber of “sp litted” fields 
on which there is a priori no control. In particular, determ ining the S  m atrix  
of the  extended theory  is straightforw ard if there are no fixed points, bu t it is 
highly non-trivial otherwise. In presence of fixed points, the knowledge of the 
full S  m atrix  is param etrized by a set of “S J ” m atrices [14], one for each simple 
current J : knowing all the S J m atrices am ounts to  knowing the S  m atrix  of the 
extended theory. Fixed points can also appear for half-integer spin currents, and 
the corresponding m atrices S J are im portan t when these currents are combined 
to  form integer spin currents. Furtherm ore, simple current fixed points and 
their resolution m atrices are essential ingredients for determ ining the boundary  
coefficients in a large class of ra tional C F T ’s [18, 19].
T he determ ination  of fixed point m atrices S J was first considered in [17]. 
There an em pirical approach was used, based on the inform ation th a t these 
m atrices m ust satisfy m odular group properties. Hence an ansatz could be 
guessed in some simple cases from the known fixed point spectrum . These 
ansatze were proved and extended in [12], where they  were related  to  foldings of 
Dynkin diagram s. S tarting  from these results, the  S J m atrices are now known 
in m any cases, such as for W ZW  models [11, 15] and coset models [17]. Here we 
would like to  determ ine the set of S J m atrices for cyclic perm utation  orbifolds. 
In this paper we restric t ourselves to  Z 2 perm uta tion  orbifolds of an original 
C FT . We will m anage to  determ ine the  S J m atrices in a few, bu t interesting, 
cases, nam ely for the S U (2 )2 W ZW  and for the  B (n )i and D (n )i series. The 
m ethod we use is based on the fact th a t  the extensions corresponding to  these 
cases are C F T ’s whose m atrix  S  can also be obtained by other means. However, 
even though the m atrices S J are no t needed to  construct the m atrix  S  of the
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extension, the result still provides im portan t new inform ation, because these 
m atrices can also be used in tensor products and coset C F T ’s for com binations 
of currents. A case th a t  is particu larly  interesting is the application to  N  =  2 
m inim al models, where S O (2 ) 1 factor appears in the  definition in term s of the 
coset C FT . We hope to  re tu rn  to  th is case in the future. We expect th a t  the 
solution we present here for an infinite series of special cases will provide insight 
in the general case, and  leads to  an ansatz th a t can be checked. This is also left 
for future work.
The outline of the  paper is as follows.
In section 2 we define the  problem  th a t we would like to  address, nam ely the 
resolution of the fixed points in extension of perm utation  orbifolds. Fixed points 
are problem atic since basic C FT  quantities, such as the S  m atrix  of the  extended 
theory, cannot be easily derived. Moreover, they  carry  an intrinsic ambiguity, 
th a t in some case does not m atter, e.g. when we look a t the S  m atrix  of the 
extended theory, bu t in o ther situations is im portan t and m ight change the 
result, e.g when we look a t the set of S J m atrices.
Before going into the details of the problem , in section 3 we study  a b it more 
system atically  the s truc tu re  of simple currents and corresponding fixed points 
in orbifold C F T ’s. In particular, we will see which simple currents and fixed 
points can arise in the orbifold theory  sta rting  from simple currents and fixed 
points in the m other theory. This is an application of [5].
Section 4 provides an example where the m other theory  is S U (2 )k.
Next we move to  the m ain problem, i.e. the  fixed point resolution in extension 
of perm utation  orbifolds. We present the results in section 5 and section 6 for 
S U (2 )i and S O (N )1. We say som ething about a rb itra ry  level k as well.
In the appendix some ex tracts from calculations are given.
We do not solve the problem  in full generality, i.e. for every value of k and  for 
any a rb itra ry  m other CFT: th is is left for future work. In the first p a rt of the 
paper we will m ostly work w ith simple currents J  of order two, i.e. J 2 =  2, 
whose orbits can have length one or two. In the second p art, higher-order 
currents will become im portan t.
2  D e f i n i t i o n  o f  t h e  p r o b l e m
Given a certain  C FT, we would like to  look a t the orbifold theory  w ith A =  2:
M oding out by Z 2 m eans th a t the  spectrum  m ust contain fields th a t are sym m et­
ric under the interchange of the two factors. This theory  adm its an untw isted 
and a tw isted sector. The untw isted fields are those com binations of the origi­
nal tensor product fields th a t are invariant under th is flipping symmetry. Their 
weights are sim ply given by the sum  of the  two weights of each single factor. 
Tw isted fields are required by m odular invariance. In general, for any field 
in the original C FT , there are exactly A tw isted fields in the orbifold theory, 
labelled by ^  =  0 , 1 , . . . ,  A — 1. Their weights were derived in [4] and are given
(C F T )perm — C F T  x C F T /Z 2 . (2.1)
(2.2)
where h  — and c is the  central charge of the  original CFT.
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If there is any integer or half-integer spin simple current in the original 
C FT , it gives rise to  an integer spin simple current in the  orbifold C FT, which 
can be used to  extend the orbifold C FT  itself. In the extension, some fields are 
projected  out while the  rem aining organize themselves into orb its of the current. 
Typically untw isted and tw isted fields do not mix among themselves. As far as 
the  new spectrum  is concerned, we do know th a t these orb its become the new 
fields of the extended orbifold C FT , bu t we do not norm ally know the  new S  
m atrix . From  now on we will w rite S  w ith  a tilde to  denote the S  m atrix  of the 
extended theory.
If there are no fixed points, i.e. orbits of length one, the S  m atrix  of the 
extended theory, S', is sim ply given by the S  m atrix  of the unextended theory  
(in case of perm utation  orbifolds it is the BHS S  m atrix  given in [5]) m ultiplied 
by the order of the  extending simple current. U nfortunately, often th is is not 
the  case: norm ally there will be fixed points and the extended S  m atrix  cannot 
be easily determ ined.
Using the formalism developed in [14], we can trade  our ignorance about 
S' w ith a set of m atrices S J , one for every simple current J ,  according to  the 
formula
( 2 - 3 )
These S Jb’s are non-zero only if b o th  a and b are fixed points. This equation 
can be viewed as a Fourier transform  and the S J ’s as Fourier coefficients of S'. 
The prefactor is a group theoretical factor acting as a norm alization and the 
^ ¿ ( J ) ’s are the group characters acting as phases. In our calculations, where 
all the  simple currents have order two, the norm alization prefactor is 1 /2  and 
the group characters are ju s t signs.
In this way, the problem  of finding S' is equivalent to  the problem  of finding 
the set of m atrices S J . In this paper we w ant to  address exactly  this problem, 
bu t in the  case of perm utation  orbifolds. Suppose we know (and we do!) the
S  m atrix  of the orbifold theory, then  extend it by any of its simple currents; 
w hat is the  m atrix  S' of the  new extended theory? Equivalently, given the fact 
th a t there will be fixed points in the  extension, w hat are the m atrices S J for all 
the  integer spin simple currents J ?  Hence, we are dealing w ith the  fixed point 
resolution in extensions of perm utation  orbifolds.
3  S i m p l e  c u r r e n t s  o f  t h e  o r b i f o l d  C F T
Consider a C FT  which adm its a set of integer-spin simple currents J .  This 
m eans th a t the  S  m atrix  satisfies the  sufficient and necessary condition [16] 
S J0 =  S 00, where 0 denotes the iden tity  field of the C FT. Every C FT  has at 
least one simple current, nam ely the identity. Here we would like to  determ ine 
the simple currents of the orbifold theory  C F T  <g> C F T /Z 2. The only th ing we 
need is the  orbifold S  m atrix  given by BHS [5]. Rem em ber th a t the  identity  
field of the orbifold theory  is the sym m etric representation  of the  iden tity  “0” 
of the  original C FT, here denoted by (0, 0).
It is probably  useful to  recall the BHS S  m atrix . The convention for the 
orbifold fields is as follows. Orbifold tw isted fields carry  a hat: ( i ,0 ) ;  off­
diagonal fields are denoted by ( ij)  w ith i =  j ,  diagonal fields by (i, 0 ) . Here i, j
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are fields of the m other theory  and ^  =  0 , . . . ,A  — 1. The orbifold S  m atrix  for 
A =  2 is then  [5]:
S (ij)(pq) Sjp
Sip Sjp
5 ( . j ) « )  = 0 <: u >
~  2 ^  ^
S',. ,,,— , =  - e 2^ / 2 S ip (3.2)
0  , V 0 ( p , x )  2  p  K J
Sr—-..— . =  I  e2^W + x ) /2 p  (3 .3 )
(p, )^(q,x) 2 p
where the  P  m atrix  is defined by P  =  V T S T 2S V T .  Sometimes we will w rite 
S t o  refer to  the orbifold S  m atrix.
3 .1  S i m p l e  c u r r e n t  s t r u c t u r e
Let us s ta r t w ith the off-diagonal fields of the orbifold and ask if any of them  
can be a simple current. If i and j  are two arb itra ry  fields of the  original CFT, 
denoting by (i, j ), w ith  i =  j ,  the  corresponding off-diagonal field in the orbifold, 
in order for (i, j )  to  be a simple curren t we have to  dem and for the S  m atrix  of 
the  orbifold theory
S (i,j)(0,0) =  S (0,0)(0,0) (3.4)
which, upon using BHS formula, am ounts to  satisfying the constrain t
SioSjo =  -SooSoo (3.5)
for the S  m atrix  of the original C FT. This relation is never satisfied because of 
the constrain t S i0 >  S00, which holds for un ita ry  C F T ’s. Consequently there 
are no simple currents coming from off-diagonal fields.
Let us do the same analysis for tw isted fields. Tw isted fields are denoted by 
(k, 0 ), where k is a field in the  original C FT  and 0  =  0, 1. Now the  constrain t
S ( ) ( 0,0) =  S (°.°)(0.0) (3.6)
would read
^ S ko =  ^SooSoo • (3 -7)
This is also never satisfied, because of the  same u n ita rity  constrain ts as before. 
Once again there are no simple currents coming from tw isted fields.
F inally  let us study  the more interesting situation  of diagonal fields as sim­
ple currents. A diagonal field is denoted by ( i ,0 ) ,  where i is a field in the 
original C FT  and 0  =  0, 1 corresponding to  sym m etric and anti-sym m etric 
representation. Here the constrain t
S (i>)(0,0) =  S (0,0)(0,0) (3.8)
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-S mS m  =  -S'ooS'oo , (3.9)
which is satisfied if and only if i is a simple current.
Hence we conclude th a t, despite the  fact th a t  the existence of simple cur­
rents in the  orbifold theory  is in general related  to  the S  m atrix  of the  original 
C FT , there always exist definite simple curren ts in the orbifold theory: they 
are the  sym m etric and anti-sym m etric representations of those diagonal fields 
corresponding to  the  simple currents of the original theory. In particu lar, since 
in the  original C FT  there is a t least one simple current, nam ely the identity, in 
the  orbifold theory  there will be a t least two, nam ely (0, 0) (trivial, because it 
plays the role of the identity) and (0,1).
We will soon see th a t th is p a tte rn  is respected for S U (2 )k W ZW  models. 
They adm it one integer-spin simple current (the identity) for k odd and two 
(one of which is again the identity) integer-spin simple currents for k even. 
Consequently, we will always find (0,0) and (0,1) as orbifold simple currents 
when k is odd; when k is even, there will be two additional ones denoted by 
(k ,0) and (k, 1).
3 .2  F i x e d  p o i n t  s t r u c t u r e
Given our simple currents of the C F T  <g> C F T /Z 2 theory, hereafter denoted by 
(J, 0 ) w ith J  a simple current of the  original C FT, we now move on to  study  
the structu re  of their fixed points. We s ta r t from the following general relation 
[13, 9] which holds for any simple current J :
gives
S j i
S,0i
(3.10)
In the exponent, we recognize the m onodrom y charge Q J (i) of i w ith  respect to  
J :
Q j( i)  =  h j  +  hj — h j .i m od Z . (3.11)
W hen i =  0, th is gives back the relation used above for integer spin simple 
currents: S J0 =  S 00. Moreover fixed points f  of integer spin simple currents 
satisfy
S j f  =  S0f . (3.12)
Observe th a t this does not guarantee th a t if f  satisfies (3.12) then  f  is a fixed 
point 1. W hat m ight happen  then  is th a t we find additional solutions to  this 
condition th a t m ight not be fixed points: so we m ight w ant to  remove some of 
them . We will see la ter by looking a t the  fusion coefficients when th is necessary 
condition is also sufficient. Nevertheless we will use here th is relation  to  identify 
possible fixed points of integer spin simple currents:
S (J> )(.,.)  =  S (0,0)(.,.) . (3.13)
As we will see soon, th is condition is in some cases necessary and  sufficient to  
find fixed points. F ixed points can be untw isted (diagonal an d /o r off-diagonal) 
a n d /o r tw isted fields and we will find th a t only for diagonal fields a more careful 
analysis of the  fusion coefficients is needed.
1In fact, h j  drops out from eq. (3.10) and we are left with hj• i = hi mod 1.
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3 .2 .1  T w iste d  sec to r
Let us s ta r t by looking for fixed points coming from the tw isted sector, since 
these are the  easiest ones. The condition to  be im posed is
S (J>)(p,x) S (0,0)(p,x) . (3.14)
After using BHS this reduces to
l e2 ^ / 2  Sjp =  l Sop (3.15)
in term s of the S  m atrix  of the  original C FT . Let us first notice th a t when J  
is the  identity, there is no news, since this constrain t is either trivially  satisfied 
(for 0  =  0 all the  tw isted fields are fixed points of the identity) or impossible 
(for 0  =  1 there are now fixed points coming from the tw isted sector). W hen 
instead J  is not the identity, we find th a t (p, x ) is a fixed point of (J, 0 ) in the 
following cases (according to  (3.10)):
•  if 0  =  0, when p  has integer m onodrom y charge w ith respect to  J ,  i.e. 
Q j  (p ) =  0 ;
if ^  =  1 , when p  has half-integer m onodrom y charge w ith respect to  J ,
l 
2 •i.e. Q j(p)  =  1
3 .2 .2  O ff-d iagon al fields
Fixed points coming from off-diagonal fields m ust satisfy:
S (j>)(p,q) S (0,0)(p,q) , (3.16)
w ith p  =  q. BHS then  gives
S jp S jq  =  S0pS0q . (3.17)
According to  (3.12), th is is definitely satisfied if p  and q are b o th  fixed points 
of J . In particular, when J  is the identity, th is relation is always true. Con­
sequently, all possible off-diagonal fields (p, q) are fixed points of the  simple 
currents (0, 0 ).
Focusing now on J  =  0, o ther two possibilities, corresponding to  different 
sign choices, are given by
S jp  =  ± S 0q
S S (3.18)
This is solved by p  and q belonging to  the  same J-o rb it, i.e. p  — Jq , w ith either 
integer or half-integer m onodrom y charge w ith respect to  J . In fact,
S jp  — S j . o , j — e2niQj(q)e2niQj(0)e2niQj(J^  — e2niQj(q)Soq . (3.19)
However there m ight be more solutions.
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3 .2 .3  D ia g o n a l fie ld s
For diagonal fixed points the condition is:
S (j>)(j,x) =  S (0,0)(j,x) , (3.20)
which reduces to
\ { S jo?  =  \ { S 0j?  . (3.21)
after using BHS. The case J  =  0 is again trivial. Consequently, there are fixed 
points of (0 ,0 )  for every j  of the  original C FT . For J  =  0, using (3.10), we 
see th a t S j  =  e2niQ j(j)S 0j , hence th is constrain t is solved by all fields j  w ith 
integer or half-integer m onodrom y charge. In particular, they  include fixed 
points of J .
3 .3  F i x e d  p o i n t s  f r o m  f u s i o n  c o e f f i c i e n t s
It is easy to  understand  th a t in general the constrain t (3.12) is a necessary bu t 
non sufficient condition for the  fixed points. Hence the solutions found earlier 
m ight actually  be too many, in the  sense th a t some of them  m ight not be fixed 
points. Then it is more useful to  be a little bit more system atic and study  the 
s tructu re  of the fixed points d irectly  from the fusion coefficients.
3 .3 .1  T w iste d  sec to r
Let us s ta r t again from the tw isted sector. For tw isted fixed points we have to  
dem and th a t
N  ____(/> ) =  1. (3.22)
(j,0)(/>)
O n the o ther hand, if N  is an a rb itra ry  field of the  orbifold theory, in term s of 
the S  and P  m atrix  of the  original theory  we have
a a ___ ot (AVO
N  ______________u 7 F ) =  y '  ( J ’ 0 ) j V  N  _
( ^  ' % > , o ) a t
S s ___ _ St (Z,^ )
_  \  '  (J ,4>)(p,q) (f , lp)(p,q)  (p,q )_____
(p,q) (0,0)(p,q)
(0,0)(j,x)
+  E
(j,x )
S - ___
(J,4>)(p,x) (f,^)(p,x) (p,x)
(p ,x) (0’0)(p’x)
S„
(B H S  ) —
{r ^ : S f j S \ f +  e™4>S j j P fj P  i  _ (3.23)
2
j
(Soj)2 f j j 1 Soj
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More in general one has
q  o f  f '  I î / / )  j
« * * * " * '  * »j
(3.24)
It is im portan t to  rem em ber th a t here we w ant (ƒ, 0 ) to  be a fixed point of
( J » ,  i.e. ____
N  ____(_ ) =  ¿ f ' ¿ f ' . (3.25)
( J » _  f f  V 7
By itself, f  is no t a fixed point of J  in the original theory.
Now use formula (3.10) in the first sum. In the following, we will restric t 
ourselves to  order-2 simple currents. Because of the  square and  the fact th a t the 
m onodrom y charge of j  is either integer of half-integer2, the exponent cancels 
out. T hen we are left w ith S  tim es S^, which gives ¿f .
We need to  be more careful w ith the second piece, which involves the integer­
valued [20, 21] Y jf f -tensor. O ur constrain t reads then
Sf 'St '  =  l Sf +  \ Y Jf f  , (3.26)
which reduces to
e*n0 ƒ' =  ¿f ' (^  =  0 /) (3.27)
or
ein(0+f - f ' )y j f  f  =  - ¿ f  (0  =  0 /) . (3 .28)
Since we are considering currents w ith order 2, we can simplify the minus sign 
on the r.h.s. w ith ) on the l.h.s., thus re-obtaining the same expression
of the  case 0  =  0 / for our constrain t, which explicitly reads:
(3.29)
3
In order to  solve it, let us study  for the  m om ent the equation:
E P f3 P t3 f ' =  f '  , (3.30)
3
for some x3-. Define a vector vf w ith com ponents
(vf )3 :=  x3P f3 • (3.31)
Then we have
E ( v f  ) j P f  f  • (3.32)
3
The vector vf is then  orthogonal to  all the  columns of the m atrix  P , except for 
the column f  w ith which it has un it scalar product. Since P  is unitary, this 
implies th a t
(vf )3 =  P f j , (3.33)
2 For order-2 simple currents.
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x j =  1 V j . (3.34)
Going back to  our situation  where x j =  ein^ S jj  / S 0j , we arrive a t the  final 
form of our constraint:
ein^ S jj  =  Soj . (3.35)
This is precisely the constrain t (3.15) used previously. Hence the  tw isted fixed 
points are the  same as before. This also shows th a t the  previous constrain t is 
a necessary and sufficient condition for the tw isted fixed points of integer spin 
simple currents.
which by definition yields3
3 .3 .2  O ff-d iagon al fields
Similar argum ents apply for the  untw isted sector. S tarting  w ith off-diagonal 
fixed points one has
Q Q Qt (p,q)
AT (p.?) _  V " 1 ^ (J ,0 ) jV ^ Q ,g ) jV ^  N  _
-  2 ^  S{0fi)N ~N
o o a t (p,q)
1)^ (i,j)
,w. *"(¿,j) S(o,o)(i,j)
C C Ct (p,q)S ( J.^)(i.^ )S(p.q)(i.?/j) S .
( ¿ »  S ( ° M W )
s  ___s  ,___ _ St (p,q)
(JJ0)(iJ^ ) (p!q)(iJ^ ) (1^ )  _
+  E S',,
(i,vo (0,0)(i,vo
=  (B H S ) =
=  N j / N j /  +  N jq p . (3.36)
This m ust be equal to  1. Moreover N ij k are positive integers. Hence we have 
two possibilities:
either
N Jpp =  N Jqq =  1 ^  p  & q are fixed points of J
N jp q =  N jq p =  0
(3.37)
or
1 N j /  =  N Jg* =  0
1 N Jp q =  N Jqp = 1  ^  p  & q are in the same J —orbit, i.e. p  =  Jq
(3.38)
These two options are again the ones derived already before using the naive 
approach of the previous section (see discussion around (3.18).).
3A shorter derivation is the following. Consider a diagonal matrix X whose diagonal 
entries are Xj. Then the constraint in matrix form is: P X P t = 1. Recalling that P P t = 1 
by unitarity, one can write P(X — 1)Pt = 0, which gives the solution X =1.
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For diagonal fixed points one has
3 .3 .3  D ia g o n a l fie ld s
N (j,0)(i>) _
t (*,V0
N (0,0)N
t (*,V0
(p.q) (0,0)(p,q)
e  e  c<t (ij^)
\  '  , 5 ( J , 0 ) O \ x ) ‘5 ( * > ) O \ x ) ‘5  ( j , x )  ,
(j.X) (0,0)(j,X)
s  s  s t (ii^)
X - (j~x) _
s  - - -
(— ) (0,0)(j,x)
_  (B H S ) _
=  +  (3.39)
N ( j . é ) U . J ' i>) _ 1 ;  (3-40)
Again we m ust dem and
\ j , 0)(i,VO
then  the only solution is when4 N j /  =  1 , i.e. * is a fixed point of J , and ^  =  0 , 
i.e. these fixed points appear only for the sym m etric diagonal representation 
of the simple current. In the case of diagonal fields then, only a subset of the 
naive guess as in the  previous section gives the  correct fixed points.
4  E x a m p l e :  S U ( 2 ) k
Here we consider some examples of the previous general theory. We take our 
C FT  to  be an S U (2 )k W ZW  model and work out spectrum  and fusion rules of 
the  orbifold theory.
Let us recall a few facts about affine Lie algebras [23, 24]. In an affine Lie 
algebra w ith group G, the weights of the highest weight representations A are 
given by
(4„
where C(A) denotes the quadra tic  Casim ir eigenvalue, g is the  dual Coxeter 
num ber (equal to  half the  Casim ir of the adjoint representation) and k is the 
level. The central charge is
k dim  G
’ * =  T T 7 " (42)
and the m atrix  elem ent is
S(  A, t) =  const  • e(w) exp \ ~ j — — (w(X +  S), +  S) J . (4.3) 
w ^ g *
4We can exclude the other possibility = 1  and = 2, because J  is a simple current.
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Here the  sum  is over all the  elements of the Weyl group and e is the  determ inant 
of w. The norm alization constan t is fixed by un ita rity  and the requirem ent 
S00 >  0 .
Now we can apply these general pieces of inform ation to  our S U (2)k models 
(and la ter to  B (n )i and D (n )i series).
4 .1  G e n e r a l i t i e s  a b o u t  S U ( 2 )k W Z W  m o d e l
In the S U (2)k theory, the level k specifies b o th  the  central charge
3k
k +  2
and the spectrum  of the prim ary  fields th rough  their weights
(4.4)
=  2j =  0 , l , . . . k .  (4.5)
Moreover, the  field corresponding to  the last value 2 j =  k is a simple current 5 
of order two, the fusion being:
(k) x (2j) =  (k -  2 j ). (4.6)
Its weight is h,2j=k =  f  • This is integer or half-integer if k is even. Furtherm ore,
k .
2 •in the  la tte r case, there is also a fixed point, given by the m edian value 2 j  =  f :
k k
( k ) x  ( - )  =  ( - ) .  (4.7)
There are no fixed points for odd k.
We can label these k +  1 fields using their value of j . I t will be convenient 
to  call them
| ^ 2j } =  {^0  =  I , ^ 1 , . . . ,  }. (4.8)
The S  m atrix  is given by [10]
s ^ 2m =  \ l k T 2 sin
n
(2j +  l ) ( 2 m + l )
k +  2 (4-9)
4 .2  S U ( 2 )k ®  S U ( 2 )k/ Z 2 O r b i f o l d :  p a r t i c u l a r  l e v e l
Now let us consider the  orbifold theory  a t some particu lar level k. The no tation  
we will be using is as follows. F irs t of all we need to  distinguish the three types 
of fields in the orbifold theory: diagonal, off-diagonal and tw isted fields.
Diagonal fields are generated by taking the sym m etric tensor product of each 
field in the  original theory  w ith itself or the  antisym m etric tensor product w ith 
the same field w ith its first non-vanishing descendant. Hence there are 2(k +  1) 
diagonal fields, th a t will be denoted as:
(2 j ,0 )  0  _ 0 ,  1 (4.10)
5Note that j  is either integer or half-integer.
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w ith 2 j =  0 ,1 , . . .  k. Here 0  =  0 (0  = 1 )  for the  sym m etric (anti-sym m etric) 
representation. These fields have weights
h,(2j\V0 (4.11)
The factor 2 in front comes from the sum  of weights of the fields appearing in 
the tensor product. In the anti-sym m etric representation (0  =  1) of the  identity  
(2j  =  0 ), one has to  include the contribution  to  the weight coming from the 
V irasoro operators L - 1 . The ground s ta te  is degenerate w ith dim ension three 
due to  the  three S U (2) generators.
Off-diagonal fields are obtained by taking the sym m etric tensor product of 
each field in the original theory  w ith a different field. Hence there are 
non-diagonal fields, th a t will be denoted as:
k(k+1) 
2
(^ 2i , ^ 2j ) 2 i <  2j . (4.12)
These fields have weights
h (02i, 02j )
*(* +  i)  j ( j  +  1 )
k + 2 k + 2
(4.13)
which is sim ply the sum  of the weights of the  fields in the  tensor product.
Tw isted fields of any orbifold theory  were described in [4]. After adapting 
their result (2.2) to  our Z 2 orbifold, we find th a t there are two tw isted fields 
associated to  each prim ary  of the original theory. Hence there are 2(k +  1) 
tw isted fields, th a t will be denoted as:
(2 j  m) m  =  0 , 1 , (4.14)
w ith 2 j = 0 , 1 , . . .  k as usual. Their weights are given by:
h (2j,m)
j { j  +  1 ) 
k +  2
+ m +
3k
16(k +  2 ) '
(4.15)
The next step  is to  com pute the  S  m atrix  for th is orbifold theory  using the 
BHS formulas (3.1, 3.2, 3.3). Using the Verlinde formula [22] we will then  be 
able to  com pute the fusion rules, which will allow us to  look for simple currents 
in the orbifold theory. In appendix B we sum m arize the simple currents and 
corresponding fixed points for particu lar values of the level k. We will consider 
only “integer spin” simple currents, nam ely those w ith integer weight.
4 .3  S U (2 )k ®  S U (2 )k/ Z 2 O r b i f o l d :  g e n e r i c  l e v e l
From  the results corresponding to  a few values of k, we can determ ine im portan t 
generalizations for a rb itra ry  k.
F irs t of all, for all k there  is a t least one non-trivial integer spin simple current, 
nam ely (0, 1) w ith h =  1, whose fixed points are all the off-diagonal fields. Their 
num ber is (k121) =
In addition, if k is even, there  are o ther two integer spin simple curren ts6. 
They are the sym m etric and anti-sym m etric diagonal fields corresponding to
6These are actually the only ones with integer spin.
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the  last value 2j  =  k: (k, 0) and (k, 1), bo th  w ith h =  This reflects the 
general s truc tu re  of the S U (2 )k simple currents. Their fixed points are also 
easily determ ined. For the  current (k, 0) they  come from diagonal, off-diagonal 
and tw isted fields according to  some rules which are given below, while those of 
(k, 1) come only from off-diagonal and tw isted fields.
Summarizing:
Simple current Fixed point
all the fc(fc+H  off-diagonal fields 
2 diag. +  |  off-diag. +  (k +  2) twisted fields 
§ off-diag. +  k twisted fields
(0 ,1), h = 1  
(k, 0), h =  |  
(k, 1), h =  |
The rule to  construct the fixed points of the  additional simple currents when 
k is even is as follows.
The diagonal fields appearing as fixed points of (k, 0) are always the two 
fields in the middle: ( f ,0 )  and ( | ,  1). These are |  and have weights
h { % ,0 )
u _  1 k(k +  4)
8 ^ T T "
(4.16)
T he off-diagonal fields appearing as fixed points are the same for bo th  the 
two additional currents and are given by the fields (^2i, ), i.e. the fields 
2* and k — 2* belong to  the  same orb it under J  =  ^ k. The weights of these 
off-diagonal fixed points are:
h
1
(02*,0fc-2*) k +  2
k 
+  2
(4.17)
w ith 2* =  0 , 1 , . . . ,  k.
T he fixed points coming from the tw isted sector are “com plem entary” for 
the two additional simple currents, in the  sense th a t (k, 0) has (4j, m ), m  =  0, 1 
and 2 j =  0 , 1 , . . . ,  k, as fixed po in ts7, while (k, 1) has (4j +  1, m ), m  =  0, 1 and 
2 j =  0 , 1 , . . . ,  k — 1, as fixed po in ts8. Their weights are:
h (4j,m)
2 j(2 j +  1)
k + 2
+  m + 16(k +  2)
(4.18)
and
h (4j+1,m) 2 j  +  -  +  1 ) +  m + 16(k +  2)
(4.19)
for (4j, m) and (4j +  1, m) respectively.
As last rem ark, let us stress th a t all th is s truc tu re  agrees w ith the general 
theory  of the previous section.
7Explicitly, these fixed points are (0, m), (2,m), (4,m), . . . ,  (k, m), m = 0, 1, with the 
first argument even. In total, k + 2.
8Explicitly, these fixed points are (1,m), (3,m), (5,m), . . . ,  (k — 1,m), m = 0, 1, with 
the first argument odd. In total, k.
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5  F i x e d  p o i n t  r e s o l u t i o n  i n  S U ( 2 ) k o r b i f o l d s
We would like to  determ ine the S J m atrices corresponding to  the simple currents 
given above using formula (2.3) which relates them  to  the S  m atrix  of the 
extended theory  via the  group characters ^ ¿ ( J ). As we will now explain, we 
know w hat the  S J m atrix  is in the  case J  =  (0 ,1). I t is given by an expression 
analogous to  the  off-diagonal/off-diagonal BHS S  m atrix , bu t w ith a minus 
(instead of the plus) sign. This is a fo rtunate situation  because the  current 
J  =  (0,1) is om nipresent, since it appears for all values of the level k. The 
other two currents th a t appear occasionally are slightly more com plicated since 
they  involve tw isted fields.
In reading th is section, the  reader m ight find it useful to  consult appendix
A .
5 .1  S J  m a t r i c e s
5 .1 .1  S J m a t r ix  fo r  J  =  (0,1)
The general procedure when we make an extension via integer spin simple cur­
rents is as follows: keep sta tes th a t are invariant under the sym m etry generated 
by the current, nam ely those w ith integer m onodrom y charge w .r.t. J ,  and 
organize fields into orbits. F ixed points are particu lar orbits: orbits w ith length 
one.
Consider the  current J  =  (0,1) of order 2. The extension projects out the 
tw isted fields, since they  are all non-local w .r.t. th is current. Only untw isted 
fields are left, bo th  diagonal and off-diagonal. Off-diagonal fields are fixed points 
of (0, 1), so they  get doubled by the extension, while diagonal fields group them ­
selves into orbits of length two containing sym m etric and anti-sym m etric repre­
sen tation  of each original field. I t is interesting to  see th a t the  resulting theory  
is equal to  the tensor product S U (2 )k ® S U (2 )k. W hat happens is the  follow­
ing. The length-tw o orbits come from diagonal fields and correspond to  fields 
^ 2i ® ^ 2i of the tensor product, while the two fields coming from the fixed points 
correspond to  ^ 2i ® ^ 2j- and ^ 2j- ® ^ 2i (with 2* =  2 j ) of the tensor product. The 
weights indeed m atch exactly. So in the end we have the result:
The subscript (0,1) m eans th a t we are tak ing  the extension by the (0,1) current. 
This result is not lim ited to  A  =  S U (2 )k, bu t is true  for any ra tional CFT. 
The reason is th a t  th is simple current extension is in fact the inverse of the  
p erm utation  orbifold procedure. This follows from the fact th a t the perm utation  
orbifold splits the original chiral algebra in a sym m etric and an anti-sym m etric 
p art, and the representation space of the  current (0, 1) is precisely the la tte r. 
By extending the chiral algebra w ith th is current we re-constitu te the original 
chiral algebra of A  ® A. This result extends straightforw ardly  to  the other 
representations, and of course the tw isted field m ust be projected out, since by 
construction  they  are non-local w ith respect to  A  ® A.
Resolving the fixed points is equivalent to  finding a set of S J m atrices such 
th a t
(A ®  A /Z 2 )(0j1) =  A ®  A (5.1)
X > i ( J ) S J b ( J )* , (5.2)
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where S  is the  full extended S  m atrix , a and  b denote the fixed points of J , 
while i and  j  the  fields into which the fixed points are resolved. For J  =  (0,1) 
we know th a t the extended theory  is the tensor product theory, whose S  m atrix  
is the  tensor product of the  S  m atrices of the two factors. W hen we extend 
w .r.t. (0,1) only two term s contribute on the r.h.s., nam ely S 0 =  S BHS and 
S J . The indices a and b run  over the off-diagonal fields. Hence it is n a tu ra l to  
w rite down the following ansatz for S J for J  =  (0, 1):
S J =  S  S  S  SS (mn)(pq) =  SmpSnq SmqSnp (5.3)
This is u n ita ry  and satisfies the m odular constrain t (S J T J )3 =  (S J )2. Here 
Smp is the  S  m atrix  of the  original theory9. Note th a t there is an apparent 
sign ambiguity: the  m atrix  elements depend on the labelling of the off-diagonal 
fields, because the  field (p, q) m ight ju s t as well have been labelled (q,p). This 
is irrelevant, since it merely am ounts to  a basis choice am ong the two split fields 
originating from (q,p). I t is easy to  check th a t the m atrix  S  com puted w ith
(2.3) is indeed the one of the  tensor product, i.e. SmpSnq.
5 .1 .2  S J m a tr ix  for J  =  (k, 0)
The order-2 current J  =  (k, 0) arises only when k is even, so in th is subsection 
we will restric t to  such values. The first th ing we need to  do is to  determ ine the 
orbits of the  current, since they  become the fields of the  extended theory.
E ither by looking a t explicit low values of k or by general argum ents, one 
can observe a few facts about orbits of J  =  (k, 0).
F irst, form the diagonal sector, J  couples sym m etric (anti-sym m etric) represen­
ta tio n  of a field ^ 2j- w ith sym m etric (anti-sym m etric) representation of its image 
J  ■ 4>2j  =  4>k-2j  in to  length-2 orbits. In particu lar, the field ( f ,0 )  can couple 
only to  itself, hence it m ust be a fixed point. Similarly for the field ( f , 1). So, 
there are exactly k length -2  orbits and two fixed points coming from diagonal 
fields.
Secondly, from the off-diagonal sector, only (^2i, ^ 2j-) w ith 2i and 2j either bo th  
even or bo th  odd survive the projection, because only those have a well-defined 
m onodrom y charge. Moreover, J  couples the field (^ 2i , ^ 2j ) w ith its image 
J  • (^ 2i, ^ 2j ) =  (^fc-2*, ^fc-2j ). In particular, fields of the form (^2j-, ^ k - 2j ) m ust 
be fixed points. There are f  ( ( f )2 — f ) length-2 orbits and |  fixed points com­
ing from off-diagonal fields. In this formula, we divide by 2 because generically 
fields are coupled into orbits. The contribution  w ithin brackets comes from the 
num ber of off-diagonal fields th a t are not projected  out minus the num ber of 
off-diagonal fixed points.
Finally, there are no orbits coming from the tw isted sector, bu t only k +  2 fixed 
points.
P u ttin g  everything together, the  theory  extended by J  =  (k, 0) has 3k +  8 
fixed points (i.e. twice the num ber given in section 4.3) plus fc(fc+ 6) length-2 
orbits.
9As an exercise, one could try to write this SJ matrix explicitly for k = 2. With our 
conventional choice for the labels of the fields, it turns out to be numerically equal to minus 
the S matrix of the original SU(2)2 theory isomorphic to the Ising model: SJ = - S su(2)2.
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Here an ansatz for S J is still unknown for generic values of the level k. We 
have so far worked out only the simpler case k =  2, which is closely related  to  
the  Ising model.
5 .1 .3  S J m a tr ix  for J  =  (k, 1)
Also in this case k m ust be even in order for the current J  =  (k, 1) to  be present. 
The o rb it s truc tu re  here is, mutatis mutanda, analogous to  the previous one. 
From  the diagonal sector, J  couples sym m etric (anti-sym m etric) representation 
of a field ^ 2j  w ith  anti-sym m etric (sym m etric) representation of its image J  • 
4>2j  =  4>k-2j  in to  length-2 orbits. In particu lar, the  fields ( | , 0 )  and ( f ,  1) m ust 
couple to  each other, contributing an additional orbit. There are exactly k +  1 
length-2 orbits and no fixed points coming from diagonal fields.
From  the off-diagonal sector, one has the same length-2 orbits as for the previous 
case above. So there are again ^ ( ( f ) 2 — f )  orbits and f  fixed points coming 
from off-diagonal fields.
As above, there are no orbits coming from the tw isted sector, bu t only k fixed 
points.
P u ttin g  everything together, the theory  extended by J  =  (k, 1) has 3k fixed 
points (i.e. twice the num ber as given in section 4.3) plus fc(fc+6) +  1 length-2 
orbits.
Also here an ansatz for S J is unknown, except for the case k =  2, given 
below.
5 .2  S J m a t r i c e s  f o r  k  =  2
The case k =  2 is particu larly  simple to  analyze, because the m atrices involved 
are relatively small, bu t it is also very interesting, because it gives us a lot 
of insights. The orbit struc tu re  of th is perm utation  orbifold is given in the 
appendix.
F irs t of all, as we have already rem arked in footnote 9,
S J -(M ) =  - S s u (2)2 , (5.4)
resolving the three fixed points of the current (0,1) (see table 1). I t is im portan t 
to  rem ark here th a t the form of the S J m atrix  depends very much on the choice 
of the  labels for the m other C FT: once we reshuffle the labeling of the  original 
S U (2)2 spectrum , the S J does not sim ply change by a reshuffling of its rows 
and columns since some entries can drastically  change as well.
Table 1: Fixed point Resolution: M atrix
S J=(0,1)
(^ 0, ^ 1 ) 
(^ 0, ^ 2) 
(^ 1 > ^ 2)
(^ 0 ;^ l)  (^ 0^ 2) (</>!, </>2)
1 72 1
2 2 2
^2 0 ^22 2
1 V2 1
2 2 2
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B y num erical checks of u n ita rity  and m odular p roperties10, one can also 
guess the S J m atrix  of the th ird  current (2,1):
S J = (2,1) =  —Ss u (2)2 . (5.5)
This is num erically equal to  the  previous one if we order the fixed point fields 
according to  their conformal weights in the same way as for the first current 
(see table  2 ). Indeed, the  origin of this equality is th a t these two extensions are 
isom orphic to  each other, having their fixed points and orbits equal weights.
Table 2: Fixed point Resolution: M atrix  S'J - ( 2’1)
( 1 , 0 )
(^ 0, ^ 2) 
o T I
( 1 , 0) (¿ 0,& )  ( 1 , 1 )
71
2
1
2
72
2
0
71
2
_ 1
2
71
2
To determ ine the S J m atrix  of the second current (2,0) is a b it more compli­
cated. We would like to  use the m ain formula (5.2) where we need the S  m atrix  
of the  extended theory. Observe th a t the  extended theory  has 16 prim aries, of 
which 2 x 7 come from the seven fixed points of J , all w ith known conformal 
weights. Moreover, it also has central charge c <  3. There are no t m any options 
one has to  consider. Indeed, one can show th a t the  extended theory  coincides 
w ith the tensor product theory  S U (3)1 x U (1)48 extended w ith a particu lar 
integer spin simple current of order three. We denote it here by (1,16). I t has 
no fixed points and its S  m atrix  is known. Using (5.2), we can now determ ine 
the unknown S J=(2,0) by brute-force calculation. The result is given in table
3 (more details in appendix A ). The num bers a, b, c, d above are given by:
Table 3: Fixed point Resolution: M atrix  S'J - ( 2’0)
gJ=(  2,0) (1,0) (1,1) (</’o, 4>2) ( M )
(1,0) 2 ia 2 ia 0 2ib - 2ib - 2ib 2ib
(1,1) 2 ia 2 ia 0 - 2ib 2ib 2ib - 2ib
(4>o, 4*2 ) 0 0 0 2ia ai2- 2ia - 2ia
(0,0) 2 ib - 2 ib 2ia i2- di2- 2ic 2ic
(0,1) —2 ib 2 ib - 2ia - 2 id - 2id 2ic 2ic
(2,0) —2 ib 2 ib 2ia 2 ic 2ic 2id 2id
(2,1) 2 ib bi2- ai2- 2 ic 2ic 2id 2id
a =  b =  c =  ^ 2g v^ , d =  ^ . One can check th a t the  m atrix  above 
is unitary, m odular invariant and produces sensible fusion coefficients.
10Namely, one checks that SJ satisfies SJ(SJ )t = 1 and (SJTJ )3 = (SJ )2.
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A few rem arks are in order. F irst, it is interesting to  observe th a t the 
num bers a and b are related  to  the S  m atrix  of the original S U (2)2 C FT , while 
c and d come from the corresponding P  m atrix , P  =  T 1/2S T 2S T 1/2.
Second, as it was derived, this m atrix  is not the only possible one. There in 
fact exists a few other consistent 11 possibilities for S J where some entries have 
different sign. The reason for this is the am biguity existing in choosing which 
of the two sp litted  fixed points is num ber one and which num ber two. This is 
im portan t since, due to  the group characters appearing in (5.2), a flip in their 
order would produce a sign flip in the  corresponding en try  of the  S J m atrix . So 
all the  non-diagonal entries are determ ined up to  th is sign ambiguity.
6  F i x e d  p o i n t  r e s o l u t i o n  i n  S O ( N ) 1 o r b i f o l d s
A nother interesting exam ple of fixed point resolution th a t we have worked out is 
the S O (N )1 perm uta tion  orbifold. This is a relatively straightforw ard case since 
we know the  extended theories of all of its integer spin simple curren t extensions. 
In fact, they  can be derived from the same argum ents given in section 5.2 for 
the S U (2)2 perm utation  orbifold. In the easier cases, the  S J m atrix  can be 
com puted using (5.3), since the extension of the  orbifold theory  gives back 
the tensor product theory  (or a theory  isom orphic to  it); in more com plicated 
situations, the  S J m atrix  can be derived from (5.2) and the knowledge of the 
full, i.e. extended, S  m atrix  via the  em bedding th a t we have m entioned before. 
This em bedding works as follows:
S O ( N ) perm-----------^  SO{2N)  (6.1)
ext
S U ( N ) x U (1)
i.e. the extension of the  perm utation  orbifold gives S U ( N ) x U (1) whose exten­
sion (w ith another particu lar current) is S O ( 2 N ), the group where the perm u­
ta tio n  orbifold is embedded.
Let us rem ind a few facts abou t these two C F T ’s [23, 24]. The U (1)R C FT  at 
radius R  has central charge c = 1 ,  R  p rim ary  fields labelled by u =  0 ,1, . . . ,  R - 1  
w ith  weight
u 2
/i„ =  — m odZ . (6.2)
Its S  m atrix  and corresponding fusion rules are given by
S  , =  —
uu V r '
(u) • ( u)  =  (u +  u )  m o d R.  (6.4)
(6.3)
The S U ( N )1 =  A ( N  — 1)1 C FT  has central charge c =  N  — 1, N  p rim ary  fields 
labelled by s =  0 ,1, . . .  , N  — 1 w ith weight
s2 (N  — 1)
hs = -------—----- m odZ . (6.5)
2 N  y y
1I.e. unitary, modular invariant and with non-negative integer fusion coefficients.
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s ” ' =  7 N e , ' ‘* '  <*■«>
(s) • (s') =  (s +  s') m od N.  (6.7)
For our study  of S O (N ) a t level one, we only need to  determ ine the level 
of the S U ( N ) and the radius of the  U (1) factors. After a few trials, it is not 
difficult to  convince ourselves th a t the  level of the S U ( N ) factor is one and the 
radius of the U (1) factor is 16N , while the  integer spin simple current (with 
order N ) th a t we need to  extend this p roduct group in order to  get S O (2N ) 
is12 (# ,  16), where the first en try  denotes a particu lar field of the  S U ( N )1 C FT  
depending13 on the value N  and the second en try  another particular, bu t given, 
field of the  U (1)16N C FT. Explicitly,
( S O ( N )1 x S O ( N ) 1 /Z 2 )ext =  ( S U ( N )1 x U ( 1 ) ^  W  . (6.8)
The S  m atrix  of the  tensor p roduct theory  is sim ply the tensor p roduct of the 
two S  m atrices, S ?  w n =  S ss/Suu/, while the S  m atrix  of the extended’ (s,u)(s, ,u') ss uu ’
theory, S,  is the  tensor product S  m atrix  m ultiplied by the order N  of the 
current [11]. Hence the S  m atrix  of the  extended tensor product (S U (N )1 x
U (1)16N)(#,16) is:
~ 1 ( 2 ni f  . u u ' \  1
S {su)(s'u') =  4  exp |  —  ^ss -  —  j  |  , (6.9)
where the  factor N  in the denom inator is cancelled by the order N  in the 
num erator. This gives the  following fusion rules:
(s, u) • (s', u ')  =  ((s +  s') m od N, (u +  u ') m od 16N ). (6.10)
Recall th a t in the  extended theory  only certain  fields (s, u)  appear, nam ely 
those w ith integer m onodrom y charge w ith respect to  the  current (# ,  16). I t is 
given by
n  f \ # - s ( N - l ) + U
Q (# ,16)(s,w) = ------------- ^ ---------- m o d Z . (6.11)
This allows us to  analytically  relate the labels s and u of the fields in the 
extension to  the  fields in the  perm utation  orbifolds, by com paring the weights 
of the fields in the perm utation , | h perm}, w ith the ones in the  extension, hs,u =  
hs +  hu , and choosing s and u such th a t (6.11) is satisfied. This will be crucial 
when we use (5.2).
Let us move now to  study  the fixed point resolution of the S O (N )1 perm u­
ta tio n  orbifolds, distinguishing the case of N  even and N  odd.
Its S  matrix and corresponding fusion rules are given by
6 .1  B ( n ) i  s e r i e s
The B (n) \  =  S O ( N )  1 , N  =  2 n +  1, series has central charge c =  ^  and three 
p rim ary  fields <f>i w ith weight hi =  0 ,^ ,^ -  (i =  0 ,1 ,2  respectively). The S  
m atrix  is the  same as the Ising model, as shown in tab le  4 .
12 It is convenient to label fields in the tensor product by pairs (s, u), with s and u labeling 
fields of the two factors. Sometimes other labels can be used, e.g. one single label l, with
I = s • R-\- u or vice versa s = I mod R and u = ^  j , squared brackets denoting the integer 
part.
13E.g. for low values of N , #  = 4.
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Table 4: S  m atrix  for B ( n ) 1
T he B (n ) i  series has two simple cu rren ts 14, nam ely the fields w ith h0 =  0 
(the identity) and hi =  f . In the tensor product they  give rise to  integer spin 
simple currents and can bo th  be used to  extend the perm utation  orbifold. Hence, 
according to  our notation , (B (n ) 1 )perm has four integer spin simple currents 
arising from the sym m etric and anti-sym m etric representations of ^ 0 and  <p1. 
Explicitly they  are: (0, 0), (0 ,1), (1,0) and (1 ,1). This situation  is very similar 
to  the  one already studied in section 5.2. The extension w .r.t. the  iden tity  (0,0) 
is trivial. The extension w .r.t. the current (0,1) projects out all the  tw isted 
sector and gives back the tensor product theory  B (n ) 1 x B (n )1; the fixed points 
are all the  three off-diagonal fields (hoi =  hm =  ^12 =  f |  +  5 ) an(i  hence 
the corresponding S J , w ith J  =  (0,1), is given by (5.3).
Also easy is the  extension w .r.t. the  current (1,1): it is indeed isom orphic to  
the previous one. The fixed points are the off-diagonal field (</>o,</>i) (h =  -|) 
and the two tw isted fields coming from <f>2 (w ith h =  and +  5 )- All their 
weights are equal to  the weights of the  fixed points of the current (0 , 1 ), hence, if 
we label them  according to  h, the S J m atrix  for the  current ( 1 , 1 ) is num erically 
the  same as for (0 , 1 ).
A bit more involved is the S J m atrix  for the current (1, 0). For this, we need 
to  use the  m ain formula (5.2).
6 .1 .1  (B (n ) 1 )perm S J m a tr ix  for J  =  (1,0)
There are seven fixed points for the  current J  =  (1, 0) of the perm utation  
orbifold (B (n ) 1 )perm, coming from all possible sectors. From  the diagonal fields, 
we have (2 , 0) and (2 , 1 ) (both  have h =  ^ ) ,  from the off-diagonal (</>o, 4> 1 ) (with
h =  -ft) and from the tw isted (0, 0) (h =  | | ) ,  (0 , 1 ) (h =  +  5 ), (1 , 0) (h =  4 ^ )  
and (1,1) (h =  _|_ i ) .  w e know the original S  m atrix  for these fields, given 
by S BHS. We also know the S  m atrix  of the  extended theory, S  as in (6.9), 
given by the em bedding (6.1). Hence we can use the simplified version (A.1) of 
the m ain formula (5.2) as given in appendix A to  ob tain  the desired m atrix .
Before giving the S J m atrix , there is a very im portan t issue th a t we should 
cover first. We m entioned before th a t the labels of the perm utation  and those 
of the extension are different bu t related. How can we exactly  relate them ? 
Recall in the extension, fields are defined by orbits of the current, w ith all the 
fields in the same o rb it having same weight (modulo integer) and same S  m atrix  
(see [11]). W ith in  each orbit in the extended theory, we choose the field w ith 
lowest weight as representative of the sp litted  fields coming from the fixed point
14And only two, because N is odd. This will be different for the D(n) 1 series.
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resolution. According to  this convention, every fixed point gets sp litted  in two 
fields (s 1 , u 1) and (s2, u 2) given by:
•  if n =  3,4, 7, 8,1 1 ,1 2 ,.
(2 . 0) — ► (0, 2 N )
(2 .1) — ► ( 2 ,14N  +  8)
•  if n =  5, 6, 9 ,1 0 ,1 3 ,1 4  .
(2 .0) — ► (2 ,14N  +  8)
(2 . 1 ) — ► (0 , 2 N )
• for all n
(^o , ^ 1 ) — ► (1,4)
M  (0 , N )
(oTi) - ^  (2 ,15N  +  8)
( 0 )  — ► (N  -  1, N  -  4)
( M )  —  (3 , 1 2  -  N )
n  -  1
■<=> it —-— is odd
& (0 ,14N )
& (N  -  2, 2N  -  8)
if
n 1
& (N  -  2, 2N  -  8)
& (0 ,14N )
(6.12)
& (N  -  1 ,16N  -  4)
& (0, 15N )
& (N  -  2, N  -  8)
& (1 ,15N  +  4)
& (1, N  +  4)
This tab le  also fixes the  order of which field we call “sp litted  field 1” and “split­
ted  field 2” . We m ust use fields only from the first set or only from the second set 
when com puting S J . B oth  the two sets will give the  same result, bu t we cannot 
choose field representative random ly w ithout losing un ita rity  a n d /o r m odular 
invariance. It is interesting to  check th a t the  orbits corresponding to  the two 
sp litted  fields are “conjugate” of each other, in the sense th a t s 1 +  s2 =  0 mod 
N  and  u 1 +  u2 =  0 m od 16N .
T he S J m atrix  is now given below. It is expressed in term s of the S  and 
P  m atrices 15 of the m other B (n ) 1 theory; also a sign e appears, depending on 
the value of N  =  2n +  1, e =  ( — 1)1 2 ], square brackets denoting the integer 
p art. We have checked th a t it is un ita ry  (S J (S J )t =  1), m odular invariant 
( (S JT J )3 =  - 1  =  ( S J )2) and it gives correct fusion coefficients.
15The P matrix is P = T1/ 2ST2ST1/2 and for the B(n)i series reads:
P =
f i r N \ ,-,5^ ( nN \sm j
< 71N \ f 7tN
V 8 J — COS [ -g—
0 0
0 \  
0 
1 J
where N = 2n + 1.
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(6.13)
6 .2  D ( n ) i  s e r i e s
The D ( n ) 1 =  S O (N )1; N  =  2n, 
p rim ary  fields w ith weight hj = 
S  m atrix  is given in table 5 .
series has central charge c =  y  and four
0, -i, (* =  0 ,1 , 2, 3 respectively). The
1
Table 5: S  m atrix  for D (n ) 1
All the  four fields of the  D (n ) 1 series are simple currents. In the  perm uta­
tion  orbifold, they  give rise to  four integer spin simple currents, nam ely (0 , 0), 
(0 , 1 ), (2 , 0) and (2 , 1 ), and to  four non-necessarily-integer spin simple current 16,
16For n multiple of 4, these currents have also integer spin.
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nam ely (1, 0), (1 ,1), (3,0) and (3,1). We focus here on the first set. Again, the 
current (0,0) gives a triv ial extension. The current (0,1) gives back the tensor 
product D (n ) i  x D ( n ) i, w ith the six off-diagonal fields (/102 =  ^13 =  
hoi =  ^12 =  h-03 =  h23 =  as fixed points; the S J m atrix
is again given by (5.3).
The current (2,1) gives a theory  isom orphic to  the  tensor product. Its  fixed 
points are the fields (</>o, <(>2 ) (h =  ^), (<j> 1 , <f>3 ) (h =  ^ ) ,  two tw isted fields com­
ing from 4>i (w ith h =  and  y | +  ;jr) and o ther two from <^ 3 (also w ith h =  
and jg  +  f ) ,  all w ith same weights as for the  off-diagonal fields. The S J m a­
trix  is again equal to  the one for (0 , 1 ), if the  fixed points are ordered suitably  
according to  their weights.
As before, more difficult is to  derive the S J m atrix  for J  =  (2 ,0), for which we 
need (5.2).
6 .2 .1  (D (n ) i)perm S J m a tr ix  for J  =  (2, 0)
There are six fixed points for the current J  =  (2, 0) of the perm utation  orbifold 
(D (n )1)perm, coming from off-diagonal and tw isted fields. They are: (^ 0, ^ 2 ) 
(w ith h =  5 ), (</>i, </>3) (w ith h =  f ), (0 , 0) (h =  | | ) ,  (0 , 1 ) (h =  +  5 ), (2 , 0)
(h =  and (2 , 1 ) (h =  +  ±).
The S J m atrix  can be derived following the same procedure as before. We 
know S  and S BHS and we still have (A .1 ) . We use the same principle as before 
to  choose the orbit representatives according to  their m inim al weight. The table 
in this case is:
if n is odd
(^1, ^3) ----; (0 , 2 N ) & (0 ,14N )
if n is even
(^1 , ^3) ----; (1 ,14N  +  4) & (3 ,14N  + 1 2 )
for all n
(^ 0, ^ 2) ----; ( 1 ,4) & (N  -  1 ,16N  -  4)
(M T ) — (0 , N ) & (0 ,15N )
( M )  — (2 ,15N  +  8) & (N  -  2, N  -  8)
( ^ 1 — 1 1 N 1 4) & (1 ,15N  +  4)
M  —
ST-511,- & (1, N  +  4)
This fixes our order of “sp litted  field 1” and “sp litted  field 2” . We m ust use 
fields only from the first set or only from the second set as before. O rbits 
corresponding to  these two sp litted  fields are conjugate of each other.
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T he S J m atrix  is given below. It depends on the original S  and P  m atrices 17 
of the D (n ) \  theory. We have defined the quan tity  r =  n  m od 2 =  n — 2 [^], 
which is 0 if n  is even and 1 if n  is odd. We recall th a t here N  =  2n. We have 
checked th a t it is un ita ry  (S J (S J )t =  1 ), m odular invariant ((S J T J )3 =  —1 =  
( S J ) 2) and gives correct fusion coefficients.
1
S(<p0,<p2)(<p0,<p2) -  2 “ (S°° S22 + S°2 S°2  ^ ~ °
S {4 > 0 ,4>2 ) { 4 > u 4>3 )  =  2 “  ^ o 1 S 2 3  +  S ° 3  S '21 ) =  0
S J _____=  _ 1
(00 ,02 ) (0,0) 2
=  -
(00  ,02  ) ( 0 , 1) 2
S '7 =  - -
(0O,02)(ÎO) 2
=  -
(0o,02)(2,1) 2
^(0i,03)(0i,03) =  ^ ^ - ( ^ 1 1 5 3 3  +  ^ 3 ^ 3 )
______ I 0
(0i ,03 )(oTo) _  2
^  ^  ___  _ _ ^^ '^ ^T’,0
(01.03)(M) _  2
(01.03)(2To) _  2
^  ^  ___ ______ I 0
(01.03)(2 4 ) _  2
0
S J
(0,0)(0,0)
S J
(0,0)(0,1)
S J
(0,0)(2,0)
S J
(0,0)(2,1)
1 1 „
2 6 8 ~ 2 P °°
1 Z n N  
—* -  sin -----
2 8
1  i r i J V  1  i f  T I N
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2 2 2 V 8
1  i r i J V  1  I f  TVN
- -i e 8 -----P 20 =  i — cos ------
2 2 2 V 8
1  i r i J V  1  I f  TVN
=  ~ * e 8 +  -  P 20 =  * — cos (
7The P  matrix for the D(n)i series is:
f  c os ( s f )
P =
0
_iir Ne « cos 
0
iir N
7T N  
. 8  ,
0
iir Ni e « sin 
0
ttN
7T N  
. 8  ,
N \7T8
0 0
nN 7tN— cos8 8
0 08
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(6.15)
6 .3  C o m m e n t s
A few com m ents are in order.
F irs t of all, observe th a t the S J m atrices (6.13) and (6.15) are purely imaginary.
Secondly, S J—-.---- . does not depend on ^  and x.
(p,^)(q,x)
Third:
S , w---- ; «  e"(0i,0j )(p,^ )
i.e. this en try  changes sign as we change -0.
(6.16)
1
7  C o n c l u s i o n
In this paper we have studied the simple current and fixed point s truc tu re  of 
perm utation  orbifolds and we have asked the question of resolving fixed points 
in these extensions. We did not do it in general bu t only for the S U (2 )2 orbifolds 
and for the B (n )i and  D (n )i series. The m ain results were presented in sections
5 and  6.
F uture  directions of research are the following. F irst we would like to  solve 
the problem  in full generality by giving a sensible ansatz for the  S J m atrix  
for an a rb itra ry  C FT. We expect th a t th is ansatz should depend neither on 
the particu lar C FT  nor on the particu lar current used in the  extension. The 
results for the  special cases considered here give some hints about such a general 
formula, and we hope this will lead us to  an educated guess, which can then  be 
checked.
Secondly, the  two S O (N )1 series are interesting since they  appear in the 
num erator of the coset C FT  defining N = 2 m inim al models. Note th a t a per­
m utation  orbifold of two identical N =2 m inim al models is not an N =2 model 
itself. To impose the  word-sheet supersym m etry, the  chiral algebra of the  sepa­
ra te  factors m ust be extended by the product of the two supercurrents, a spin-3
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current. Even though our explicit formulas apply only spin-1 currents of per­
m utation  orbifolds (apart from the special case (0 ,1)), th is particu lar spin-3 
current is included, since its factor (the supercurrent) originates from the vec­
to r representation of S O (2 )1. The coset construction lifts its conformal weight 
to  | ,  bu t the fixed point resolution procedure still applies. Using this extension, 
we should be able to  derive a “super-BH S” formula for perm utation  orbifolds 
of supersym m etric R C F T ’s. We in tend to  study  this la ter on.
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A  S J = (2’°) i n  S U ( 2 ) 2  o r b i f o l d s
In th is appendix we would like to  give a few details about how to  com pute the 
m atrix  given in table 3 . The m ain tool is the use of formula (5.2), which in this 
case simplifies into:
S (a,i)(b,j) SBHS +  * i ( J ) S aJ6^ ( J ) *  . (A.1)
Here, a and b run  over the fixed points of J  =  (2, 0), while i, j  =  1, 2 refer to  the 
two sp litted  fields in the extension. O ur assignm ent for the group characters is: 
^ i ( J ) =  1, ^ 2( J ) =  - 1 .  I t is com pletely a rb itra ry  and we could have very well 
m ade the  opposite choice.
S BHS is the  orbifold S  m atrix  given in tab le  6 . The extended S  m atrix  can 
be derived from the em bedding (6.1) and is given in table 7 (the dashed p a rt 
can be filled out by sym m etry). The extending current is (1,16). In details,
(S U (2)2 X SU (2)2/Z2)(2,0) =  (S U (3)1  X U(1)48)(1,16) . (A.2)
Note th a t  <S'(aj1)(5ij) =  <S(0 2)(bj ) , for every a, b, j .  Also, observe th a t we could 
have interchanged the indices 1 ^  2 in the order of the  two sp litted  fields. In 
deriving the m atrix  S' below, we have chosen the  following order for the  two 
sp litted  fields (s1, u 1) and (s2, u 2):
( 1 , 0) - ->■ (1,46) & (2 , 2 )
( 1 , 1 ) - -  (°, 6) & (°, 42)
(^0 , ^ 2 ) —->■ (2,44) & (1 , 4)
( M 1 —-  (°, 3) & (°, 45)
( M )  —-  (2 ,5) & (1, 43)
(27°~1 —->■ (2,47) & (1 , 1 )
M  —-  (°, 9) & (°, 39)
Table 6: Fixed point Resolution: M atrix  S BHS
gBHS (1,0) (1,1) (</>0, </>2) M ( M )
(1,0) 0 ° —2a 2b 2b —2b —2b
(1,1) 0 ° —2a —2b —2b 2b 2b
{4> 0, 4> 2) —2 a —2a 2a ° ° ° °
(0,0) 2 b —2b ° 2c —2c 2d —2d
(0 , 1 ) 2 b —2b ° —2c 2c —2d 2d
(2,0) - 2 b 2b ° 2d —2d —2c 2c
(2,1) - 2 b 2b ° —2d 2d 2c —2c
At this point, the  m atrix  S J as given in tab le  (3) can be derived by sub trac­
tion.
3°
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Table 7: Fixed point Resolution: M atrix  S BHS
S(a,i)(b,j) (1 , 0)1 (1,0)2 (1, l ) i (1,1)2 (</)o, ^ 2)1 (</>o, ^ 2)2 (0 ,0)! (0 ,0)2 (0 ,1)! (0 ,1)2 (2 ,0)! (2 ,0)2 (2 ,1)! (2 ,1)2
(1,0)1 ia —*a ia —ia —a —a b + ib b — ib b — ib b + ib —b — ib —b + ib —b + ib —b — ib
(1,0)2 —ia *a —ia ia —a —a b — ib b + ib b + ib b — ib —b + ib bi1b
—
—b — ib —b + ib
( M ) i ia —ia ia —ia —a —a bi
—
b1 —b + ib —b + ib bi
—
b1 b + ib b — ib b — ib b + ib
(1,1)2 —ia ia —ia ia —a —a —b + ib —b — ib —b — ib —b +  ib b — ib b +  ib b +  ib b — ib
(</)o, <f>2)1 —a —a —a —a a a ia —ia —ia ia ia —ia —ia ia
(</>0, <f>2)2 —a —a —a —a a a —ia ia ia —ia —ia ia ia —ia
M l - - - - - - c — id c +  id —c — id —c +  id d +  ic d — ic —d +  ic —d — ic
M 2 - - - - - - c +  id c — id —c +  id —c — id d — ic d +  ic —d — ic —d +  ic
M i - - - - - - - - c — id c +  id —d +  ic —d — ic d +  ic d — ic
M 2 - - - - - - - - c +  id c — id —d — ic —d +  ic d — ic d +  ic
Mi - - - - - - - - - - —c +  id —c — id c +  id c — id
m 2 - - - - - - - - - - —c — id —c +  id c — id c +  id
Mi - - - - - - - - - - - - —c +  id —c — id
m 2 - - - - - - - - - - - - —c — id —c +  id
B  T a b l e s  f o r  S U ( 2 ) k O r b i f o l d
In order to  help the reader follow the first p a rt of the paper, in this appendix 
we present tables of simple curren ts and  corresponding fixed points and orbits 
for the S U (2 )k ® S U (2 )k /Z 2 orbifold theory  for a few values of the  level k.
In the paper we have analyzed in detail the  k =  2 situation , for which we 
found all the three S J m atrices. I t seems then  convenient to  list here their orbits 
corresponding to  (0,1), (2,0), (2,1).
J  =  (0,1) Fixed points
(fa,  fa),  h = j g  
(fa,  fa),  h = \  
(fa,  fa),  h =
Length-2 orbits
'(o , o), (o, i)Y  h =  o 
\i,o),(i,i)l h=l
(2,0), (2, i n ,  h =  1
J  =  (2,0) Fixed points
( 1, 0 ),
(1,1), h = %  
(4>o, fa),  h = \  
M ,  h =  l 2 
( M ) ,  h = §■
M ,  ft =  i
(XT), h = §
L ength-2 orbits 
^(0,0), (2 ,0 )] , h =  0 
(o ,i) ,  (2 , i n ,  h =  i
J  =  (2,1) Fixed points
(0o, fa),  h =  \
( i, 0), 
( i n i ,
L ength-2 orbits 
((0 ,0 ), (2, i ) ] ,  h =  0 
((0, i) , (2 ,0 )] , h =  i 
( (1,0) , (1,1)) ,  h = l
It is also in teresting  to  look a t larger orbit struc tu res where the  p a tte rn  
discussed in the  paper becomes clear. We take e.g. k =  8. We give here the 
orbits of the simple currents (8, 0) and (8, i) . After doubling the fixed points, 
these give the two extended theories. At th is stage, an analogous tab le  for the 
current (0, i)  should be trivial to  make.
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J  = (8,0) Fixed points Length-2 orbits
J  =  (8,1) Fixed points
(4 ,0  ) , h =
(4,1), h =
00
-e­O h
-e-
3
h
6,-6
CN(- h
5,-500(- h
( M  | , h =
( M i  , h =
(2DoT) , h =
(271i, h =
(M r i, h =
(4711, h =
( M i , h =
(671i, h =
( M ) , h =
(sTTi, h =
33
20
7
5
5
4
_3_
20
13
20
1
4
3
4
_9_
20
19
20
3
4
5 
4
23
20
33
20
(-0 , h = 2
( - 1> h
33
20
(-2, h 75
(-3, - 5^ h 54
(M1 ,0 ), h = 316
(M1 , 1 ), h = 1116
(M3, 0), h = 2780
(M3, 1), h = 6780
), h = 4780
( M ), h =
87
80
(7~o ), h = 1516
(tTT), h =
23
16
h =  0 
h =  1
h — —11 ~  20
h — —11 ~  20
2 
5
h = l
3
4
3
4
h =  
h =  
h =  
h =  
h =  
h =
1
5
3
5
6 
5
4
5
_9_
20
19
20
Length-2 orbits
h = 0
h =  1
h -  2 ­11 20
h ~  ^  11 ~  20
2
" 5 
2
" 5
h -   ^a  ~  4
3 
' 4
h = l
h = l
h = l
h = l
h — —n  20
h ~  ^~ 20
2
6
5
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